In this study, the Burgers equation is analyzed in both numerically and mathematically by considering various finite element based techniques including Galerkin, Taylor-Galerkin and collocation methods for spatial variation of the equation. The obtained time dependent ordinary differential equation system is approximately solved by -family of time approximation. All these methods are theoretically explained using cubic B-spline basis and weight functions for a strong form of the model equation. Von Neumann matrix stability analysis is performed for each of these methods and stability criteria are determined in terms of the problem parameters. Some challenging examples of the Burgers equation are numerically solved and compared with the literature and exact solutions. Also, the proposed techniques have been compared with each other in terms of their advantageous and disadvantageous depending on the problem types. The more advantageous method of the three, comparison to other two, has been found out for the special cases of the present problem in detail.
Introduction
Almost all physical processes faced in nature are described by partial differential equations.
Many mathematical models are used to represent physical flows in various fields of sciences such as wave propagation, shallow water waves, reaction-diffusion models, biomechanical waves etc. One of such models is Burgers equation attracting much attention in analysing evolution equations representing various physical processes [1] . Its computation is a natural first step towards developing methods. The existence and uniqueness of classical solutions to the Burgers equation were shown under certain conditions [2] .
In recent decades, producing the solution of Burgers equation has attracted great attention.
Since exact solutions, infinite series solutions, fail for small viscosity values [3] , ε < 0.01, plenty of researchers [4] [5] [6] [7] 
with the boundary conditions
(2) and initial condition
where  is kinematic viscosity constant for 0   and 1 f , 2 f and g are known functions. The subscripts
x and t represent differentiations with respect to space x and time t , respectively.
The Burgers equation is the nonlinear model equation for diffusive waves in fluid dynamics.
The corresponding equation has also many application areas including theory of shock waves, sound waves in a viscous medium, mathematical modeling of turbulent fluid and so on. The Burgers equation can be solved exactly by using Hopf-Cole transformation [8, 9] . So, the Burgers equation can be regarded as test equation for the numerical methods. So far lots of numerical methods have been used to solve the equation.
Spline in tension approximation [10] , a hybrid numerical scheme including wavelets and finite differences [11] , high order splitting methods [12] , polynomial based differential quadrature method [13] , boundary element method [14] , integral equation method [15] , explicit exponential finite difference method [16] , implicit fourth-order CFD scheme [17] , higher order time integration formulae [18] , sixth order CFD scheme [1] are some of the papers which are dealing with the numerical solutions of Burgers equation. Various versions of finite element methods are main interest of many researchers to find out also effective numerical solutions of various types of partial differential equations [19] [20] [21] .
Nowadays, B-spline basis functions are main interest of many researchers to find out effective numerical solutions of partial differential equations [7, [22] [23] [24] [25] . Different finite element based techniques have profoundly been analyzed in the literature. For instance; least-squares B-3 spline finite element method was used by Kutluay et. al. [22] , a quadratic B-spline Galerkin method was introduced by Sari and Tunc [23] , B-spline lumped Galerkin finite element method was organized by Dhawan et. al. [24] , quadratic and cubic B-spline Galerkin methods were used in refernces [25, 26] in dealing nonlinear advection-diffusion processes. In a recent study of Sari et. al. [7] , cubic B-spline Galerkin method with higher order splitting approaches have also been considered for the Burgers equation. B-spline based numerical methods were also applied to various nonlinear equations such as generalized Benjamin-Bona-Mahony-Burgers, Gilson-Pickering and Cahn-Hilliard equations [27] [28] [29] .
The current study discovers some finite element based hybrid techniques involving Galerkin, Taylor-Galerkin and collocation methods based on cubic B-spline basis functions to analyze the nonlinear advection-diffusion processes. To integrate the resulted system of ordinary differential equations, -family of time approximation is performed, and fully discrete algebraic equations are obtained in terms of the parameters. Note that the strong form of the Burgers equation (1) is accepted, as opposed to the weak form commonly used in the literature [22, 24, 25] , since the strong form leads to computationally more economic and more accurate results. Stability analysis of the considered methods are performed using the von Neumann approach. Thus, the effect of the general explicit-implicit α-family of time approximation on the stability of the complete discrete system have been analyzed. The currently produced quantitative and qualitative results revealed that each of the considered finite element methods has their own advantageous and disadvantageous. Depending on the problem parameters, the present techniques are discussed in a comparative way in terms of accuracy, computational efficiency and physical reliability. Four challenging examples representing various nonlinear advection-diffusion processes at shock stages have been taken into consideration. Current numerical techniques have been proven to have a high ability to analyze the nonlinear advection-diffusion process in terms of accuracy, stability and computational efficiency.
Numerical Methods
The implementation of the Galerkin, collocation and Taylor-Galerkin methods and the αfamily approximation in time for the equation of interest are discussed in this section.
Generally, use of the finite element techniques to approximate the spatial derivatives of the unsteady partial differential equations lead to a system of nonlinear ordinary differential equations. Thus, in order to cope with the system, a suitable time integration method should be used. We consider the α-family approximation to deal with the nonlinear ODE system, and then the discrete system is shown to be stable for all considered techniques.
The Galerkin method
To solve equation (1) with given boundary conditions (2) and initial condition (3), the Galerkin cubic B-spline finite element method is used for spatial approximation. The selection of these type basis functions is very suitable and has advantages [7] .
The interval   , ab is partitioned into N finite elements. Each element has equal length h and element nodes are defined as
 be the cubic B-spline basis functions and it is given [7] as 3  2  21  3  2  2  3  1  1  1  1  3  2  2  3  1  1  1  1  3 3
The corresponding cubic B-spline basis functions include the set of splines   To compute element matrices easily, it is required to use local coordinate system considering (4) and m xx   where 0 h   , the basis functions will be in the form 3   23  32   3  3  2  2  3   3   1  3  3  3   3  3  3 . 
The test function is selected to be equal to the cubic B-spline basis functions. This type of procedure is known as Galerkin approach in the finite element method. Using (7) and local coordinate system (6), equation (9) yields the following relation (12) After the assembling process of each element the matrix form will finally be * * * 
Use of (8) in (15) at
where  stands for the time differentiation. For all 0, , mN  , one can obtain 1 N  differential equations. This system can be rewritten in a more compact form as follows
where M and K are     
The Taylor-Galerkin method
In the Taylor-Galerkin method, the time discretization is performed before the spatial discretization. If we use the Taylor series expansion, one can write   
If we substitute (1) and (21) into (19) , then we reach 
Organization of equation (22) in terms of n u and 1 n u  leads to following semi-discrete form, 
By considering the Galerkin approach as stated in section (2.1), we get the following matrix 
After the assembling process of each element 1, 2, , eN  and imposing boundary conditions, the following global matrix system can then be obtained
where * A and *
In equation (28),  is   
-family of time variation
In Sections (2.1) and (2.2) we have obtained system of differential equations in the same form with different entries of the matrices. From the final matrix form (13) and (18), one can write
As stated in [23] the  family of approximation can be defined as
where 01   and 1 ss t t dt   ,  stands for the time differentiation. Using the same steps of the procedure given in [23] , equation (29) becomes
where matrices * M and * K are independent of time while * R depends on time. The initial approximation   0  can be found from the initial condition (3) . With the consideration of the initial condition and two additional conditions,   1 N  equations can be found using the first derivative of the approximate function at both ends as follows:
Hence, the system will be     33 NN    and can be solved using any suitable linear system solver to obtain initial vector   0  .
Stability analyses of the hybrid approximations
In Section 2, we constructed various finite element techniques for the solution of the Burgers equation, such as the Galerkin, collocation and Taylor-Galerkin methods. We analyze the 
Stability of the Galerkin method
Let us consider the iteration (33) with the typical rows of the matrices as follows 
Thus, one can say that whenever 0.5   , the proposed hybrid approximation (33) is unconditionally stable. When 0.5,   one can estimate that the stability of the present approach depends on the selection of critical time step dt and spatial step h . Thus, as 0.5   , the scheme (33) is conditionally stable.
Stability of the collocation method
In Section 2.2, the collocation method is introduced to solve the Burgers equation and an iterative matrix equation is obtained as in equation (33) 
Stability of the Taylor-Galerkin method
In Section 2.3, the Taylor-Galerkin method is analyzed for the numerical solution of the Burgers equation (1) and an iterative approach (28) is constructed. For the stability analysis of this approach, it is required to define typical rows of the matrices in equation (28) 
Since 1 1 r in expression (51), it is obvious that 1 z  . Therefore, the obtained iteration (28) is unconditionally stable.
Numerical illustrations
The Galerkin, collocation and Taylor-Galerkin methods are compared and discussed in terms of accuracy and stability for various problems and their parameters. Note that, the parameter 0.5   , i.e. the Crank-Nicolson scheme, is preferred since the scheme is more accurate than other selections and satisfies the stability conditions in the Galerkin and collocation methods.
Example 1 [23]
Consider the Burgers equation (1) 
The exact solution of (1) under the consideration of cases (52) -(54) given by Cole [ 
In this example, comparison of the currently produced results with the results of the literature [30] and exact solutions has been carried out in Table 2 , for various spatial points at 0.5 t  .
As clearly seen in the table, the present methods are more accurate and more economical, even with less number of elements, comparison to their results. Note also that TGFEM and GFEM have more accurate results than the CFEM as demonstrated in produce far more accurate results than the literature [30] . Among the current methods, the TGFEM has been seen to give more acceptable results than the rest.
The results presented in Table 4 are compared with the literature [1, 14] and the exact solution.
Even with the use of less number of time elements, the comparison revealed that the suggested techniques generally produce more accurate results than the corresponding literature [1, 14] . In the comparison, various time steps are used for the elapsed time of 4 t  at different positions. All results are produced for 0.01   and 0.01 h  in Table 4 . respectively. Jiwari [11] used a hybrid approximation to also solve the problem. The present study revealed that, even with the use of less number of time elements, one can find similar or sometimes more accurate results than the literature [11] .
In the work of Aksan [31] , the governing equation is solved using the quadratic B-spline FEM in the weak form with the Newton iteration for non-linear systems. The computed results in Table 7 reveal that the present method is more accurate with less number of time elements than the ones in references [25, 31] . In the related references, they used the weak form of the governing equation, trigonometric cubic B-spline basis approach and splitting approach, respectively. For the same problem, the suggested methods here have produced more accurate results comparison to their works (see Table 7 ).
In Figures 1-3 
Example 2 [32]
Let us now consider the Burgers equation (1) with the initial condition Table 8 are seen to be more accurate than the literature [4, 33] . To produce those results, even less number of elements, comparison to the corresponding references, have been used both in time and in space. The computed results have also been compared with the literature [22, 24] and exact solution as seen in Table 9 . The current numerical solutions are more accurate than the corresponding literature when the advection is relatively more dominant than the diffusion, 0.01
 
, and 0.0125 h  . The
16
presently calculated solutions are seen to require less effort in time comparison to the references. [1] and boundary element [6] methods. The present solutions revealed that less time effort and less computational time are needed to catch high accuracy as compared to the previously mentioned effective methods.
As for the comparison of the present numerical results with exact solution and the reference [11] with small viscosity values 0.004   and 0.003
 
in Tables 11 and 12 , respectively, the current results are seen to agree with some other numerical solutions [11] . As underlined for various times, even less number of time elements are seen to be enough to have highly accurate solutions.
In Figures 7-8 , the present numerical solutions are compared with each other for the paremeters 1,
As seen in the figures, the GFEM and TGFEM produce less absolute error than the CFEM.
The parameter  also affects the accuracy of the GFEM and the CFEM as stated in Section 2.
In Figure 9 , we use various values of the parameter  to compare 2 L errors produced by the GFEM using 1   and 0.0125 h  . As seen in Figure 9 , for small values of the parameter dt , the case 0.5   is more acceptable.
As seen in Figure 10 , . The GFEM has ability to capture the steep behaviour for the considered advection dominated case while the TGFEM solution has small unwanted oscillations. Even though the TGFEM seems to have more accurate results than the GFEM, the unwanted oscillations come out in the GFEM later than the TGFEM.
Example 3 [34]
Let us consider the Burgers equation (1) In Figure 16 , physical behaviour of the problem given in Example 4 is exhibited by using the current numerical techniques with the parameter values 0.005
As seen in the figure, shock behavior is physically captured by the present techniques, except for a very small deviation of the TGFEM around the discontinuity.
Advection-dominated process of Example 4 is illustrated with the use of the GFEM in Figure   17 . Propagation of the shock behaviours is shown for various kinematic viscosity values as seen in Figure 18 . To achive this, the GFEM is used with the parameter values 0.006 dt  and 0.005 h  and 0.6 t  . As realized from the figure, the shock behaviors are clearly captured for the cases of 0.01   and 0.005
 
, but little oscillations take place for the case of 0.001.
Thus the present methods are seen to be capable of producing oscillation free results for the discontinuous initial condition, in case of 0.001.
 

Concluding remarks
Finite element based hybrid methods have been proposed to numerically analyze the nonlinear advection diffusion equation in this article. It has been shown that the Galerkin and the collocation methods are unconditionally stable for α ≥ 0.5 as well as the Taylor-Galerkin method is unconditionally stable for any case. Note that the present approaches have been illustrated to be capable of solving the nonlinear advection diffusion models and also be capable of producing highly accurate solutions with less number of elements used in both time and space for the advection-dominant case. Notice that the proposed hybrid approaches gives convergent approximations, and is seen to be a very good choice to achieve a high degree of accuracy while dealing with the nonlinear advection-diffusion problems. The produced results have also been seen to be more accurate than some available results in the literature.
The TGFEM has found to be more accurate than both the CFEM and the GFEM for almost all cases of the Burgers equation problem. Even though the CFEM is not as accurate as the GFEM and the TGFEM, the CFEM is of computationally low-cost. It is illustrated that the GFEM has more capable of capturing the behavior of the advection-dominated cases of the model equation. Further studies can investigate the generalization for designing of the current methods to physical processes described by any nonlinear time-dependent partial differential equation.
[33] Shao, L., Feng, X. and He, Y. "The local discontinuous Galerkin finite element method for Burgers equation", Math Comput Model., 54, pp. 2943-2954 (2011).
[34] Abazari, R. and Borhanifar, A. "Numerical study of the solution of the Burgers and coupled Burgers equations by a differential transformation method", Comput Math Appl, 59, international high-quality journals. Table 1: Values of approximate function and its derivatives at the end points of the element. 
List of Tables
List of Figures
Figure 11
The GFEM solution of Example 2 at different times produced for = 0.001, ℎ = 0.0016, = 0.1.
Figure 12
The TGFEM solution of Example 2 at different times produced for = 0.001, ℎ = 0.0016 and = 0.1.
Figure 13
Comparison of the present methods in terms of absolute errors produced for = 1, = 0.0005, ℎ = 0.01 and = 0.5 in Example 3.
Figure 14
Comparison of the present methods in terms of absolute errors produced for = 0.1, = 0.0005, ℎ = 0.01 and = 0.5 in Example 3.
Figure 15
Comparison of the present methods in terms of absolute errors produced for = 0.01, = 0.0005, ℎ = 0.01 and = 0.5 in Example 3.
Figure 16
Nonlinear advection-diffusion process solved by present methods for = 0.005, = 0.01, ℎ = 0.005 and = 0.5 in Example 4.
Figure 17
Nonlinear advection-diffusion process solved by the GFEM for = 0.01, = 0.008 and ℎ = 0.005 in Example 4.
Figure 18
Comparison of various cases of the nonlinear advection-diffusion process solved by the GFEM for = 0.006 and ℎ = 0.005 and = 0.6 in Example 4.
